Abstract. We develop an analytic approach to the Radon transformf (ζ) = τ ⊂ζ f (τ ), where f (τ ) is a function on the affine Grassmann manifold G(n, k) of k-dimensional planes in R n , and ζ is a k -dimensional plane in the similar manifold
Introduction
In this paper we investigate integral Radon transforms of functions defined on manifolds of planes in the euclidean space R n . Let G(n, k) and G(n, k ) be a pair of the affine Grassmann manifolds of k-dimensional and k -dimensional planes in R n , respectively. We suppose 0 ≤ k < k < n. The case k = 0 corresponds to points in R n . Given sufficiently good functions f (τ ) on G(n, k) and ϕ(ζ) on G(n, k ), we consider the following integral transforms:
(1.1)f (ζ) = τ ⊂ζ f (τ ),φ(τ ) = ζ⊃τ ϕ(ζ), the integration being performed against the corresponding canonical measures. The first integral is called the Radon transform of f and denotes integration over all kplanes τ in the k -plane ζ. The second one is called the dual Radon transform of ϕ and integrates over all k -planes ζ containing the k-plane τ . Our first goal in this paper is to find possibly maximal subclasses of locally integrable functions, like L p f (τ ) = (2 + |τ |)
thenf (ζ) ≡ ∞. In particular, if f is a continuous function satisfying f (τ ) = O(|τ | −λ ), thenf (ζ) is finite for all ζ ∈ G(n, k ) provided λ > k − k, and can be identically infinite if
λ ≤ k − k.
Instead of L
p -spaces we also consider weighted
These consist of locally integrable functions having prescribed behavior at infinity. (G(n, k) ). In order to obtain explicit inversion formulas for (1.1), we reduce the problem to the similar one for integrable functions on ordinary (compact) Grassmannians, and make use of our previous results from [GR] . Given a k-plane τ ∈ G(n, k), we denote by µ(τ ) ∈ G n+1,k+1 the smallest subspace of R n+1 containing the "lifted" plane τ + e n+1 , e n+1 being the coordinate unit vector of the additional x n+1 -axis. For ζ ∈ G(n, k ), we denote by µ ⊥ (ζ) ∈ G n+1,n−k the orthogonal complement of µ(ζ) in R n+1 . We establish correspondence between transforms (1.1) on affine Grassmannians and similar transforms on ordinary Grassmannians, and prove the following (G(n, k) ), the Radon transform f (τ ) →f (ζ) is injective if and only if k +k ≤ n − 1. Under this condition, the function f (τ ) can be recovered by the formula
where Ψ(µ(ζ)) = σ k σ k (1 + |ζ| 2 ) (k+1)/2f (ζ), σ k and σ k denote the areas of unit spheres (of dimensions k and k , respectively), and R −1 is the inverse Radon transform on the Grassmann manifold G n+1,k+1 .
Explicit formulas for R −1 were obtained in [GR] and presented in Section 4; see formulas (4.7) and (4.8).
The similar result for the dual Radon transform reads as follows.
Proposition 1.4. For ϕ ∈ L
1 k+1 (G(n, k )), the dual Radon transform ϕ(ζ) →φ(τ ) is injective if and only if k + k ≥ n − 1. Under this condition, the function ϕ(ζ) can be recovered by the formula
where Ψ ⊥ (µ ⊥ (τ )) = (1 + |τ | 2 ) (n−k )/2φ (τ ), the operator R −1 being defined by the formulas (4.7) and (4.8) in which dimensions k + 1 and k + 1 should be replaced by n − k and n − k , respectively. Propositions 1.3 and 1.4 include continuous functions with suitable behavior at infinity; see Theorems 4.2 and 4.4 for details.
injective simultaneously if and only if
Being applied to the case k = 0, the assumption ϕ ∈ L 1 k+1 (G(n, k )) is much weaker than that in [So2] , where ϕ is a Schwartz function. It is interesting to note that for k + k > n − 1, our Proposition 1.4 allows increasing functions of order O(|ζ| λ ), λ < k + k + 1 − n. In the case k + k = n − 1 of simultaneous injectivity we have to restrict to slowly decreasing functions. This is consistent with the logarithmic assumption of Radon [Rad] but does not assume any smoothness.
Since the Radon transform and its dual on ordinary Grassmannians can be expressed one through another, it would be natural to find a similar "one-throughanother" representation on affine Grassmannians. We show (see Theorem 5.5) that the dual Radon transformφ(τ ) can be represented as a usual, "quasi-orthogonal" Radon transform for the corresponding pair of affine Grassmannians. Such a representation realizes by the map
is the hyperplane orthogonal to the vector x and passing through the point −x/|x| 2 . We call (1.5) a quasi-orthogonal inversion transformation from G(n, k) to G(n, n−k−1). This paper is organized as follows. In Section 2 we give basic definitions and investigate operators (1.1) on radial functions. These depend only on the distance of the plane to the origin. We show that operators (1.1) on such functions are represented by one-dimensional Abel-type integrals. Inversion of those is standard [Ru1] , and we omit it. By using these representations and duality between operators (1.1), we prove Propositions 1.1 and 1.2. In Section 3 we establish correspondence between transforms (1.1) and similar transforms on ordinary Grassmannians. Section 4 contains auxiliary facts from [GR] and justification of Propositions 1.3, 1.4. Section 5 is devoted to the quasi-orthogonal inversion transformation (1.5) and the corresponding connection between the Radon transform and its dual. For k = 0, this connection was established by Quinto for L 2 functions; see [Q] , formula (3.4) on p. 413. This paper is essentially self-contained up to implementation of main results from [GR] and minor technicalities from [Ru2] . Useful information about the case k = 0, related to Radon transforms on R n , can be found in [Ru3] .
2. Some properties of Radon transforms 2.1. Basic definitions. Let G(n, k) be the affine Grassmann manifold of all nonoriented k-dimensional planes in R n , 0 ≤ k < n. We denote by G n,k the standard Grassmann manifold of all k-dimensional linear subspaces of R n . Each subspace ξ ∈ G n,k represents a k-plane passing through the origin. Each plane τ ∈ G(n, k) is parameterized by the pair (ξ, u), where ξ ∈ G n,k and u ∈ ξ ⊥ , the orthogonal complement to ξ in R n . We denote by |τ | the euclidean distance of τ = (ξ, u) ∈ G(n, k) to the origin of R n . Clearly, |τ | = |u| (the euclidean norm of u). The manifold G(n, k) will be endowed with the product measure dτ = dξdu, where dξ is the SO(n)-invariant measure on G n,k of total mass 1, and du denotes the usual volume element on ξ ⊥ . The group M(n) of isometries of R n acts on G(n, k) transitively.
For k > k and η ∈ G n,k , we denote by G k (η) the Grassmann manifold of all k-dimensional linear subspaces of η. In the following σ n−1 = 2π n/2 /Γ(n/2) is the area of the unit sphere S n−1 in R n ; e 1 , . . . , e n are coordinate unit vectors. Given 1 ≤ k < k < n, we use the following notation for coordinate planes:
If τ 0 is a plane in R n+1 = R n ⊕ Re n+1 , and S n is the unit sphere in R n+1 , then d(e n+1 , τ 0 ) denotes the geodesic distance (on S n ) between the north pole e n+1 and the totally geodesic submanifold S n ∩ τ 0 . The letter c stands for a constant that can be different at each occurrence. Given a real-valued expression A, we set (A) λ + = A λ if A > 0 and 0 if A ≤ 0. More notation will be introduced in due course.
2.2. The Radon transform and the dual Radon transform. Let G(n, k) and G(n, k ) be a pair of affine Grassmann manifolds of k-planes τ and k -planes ζ in R n , respectively, 1 ≤ k < k ≤ n − 1. We write
Here d η ξ denotes the normalized measure on the Grassmannian G k (η) of all kdimensional linear subspaces of η. The right-hand side of (2.2) gives precise meaning to the integral τ ⊂ζ f (τ ) which denotes integration over all k-planes τ in the k -plane ζ. Assuming g ∈ SO(n) to be a rotation such that
and denoting f g (τ ) = f (gτ ), one can write (2.2) as
, where d ξ η is the relevant normalized measure. This transform integrates ϕ(ζ) over all k -planes ζ containing the k-plane τ . In order to give (2.5) precise meaning, we choose a rotation g ξ ∈ SO(n) so that g ξ R k = ξ, and let SO(n − k) be the subgroup of rotations in the coordinate plane R n−k . Then (2.5) means
Lemma 2.1. The equality
holds provided the integral in either side exists for f and ϕ replaced by |f | and |ϕ|, respectively.
Proof. This statement follows from the rather general fact for the double fibration [H2, p. 57] . For convenience of the reader and in order to check normalization of measures under consideration, we give a direct proof. Let G = SO(n), and denote by I the left-hand side of (2.7). We have
, then integrate in ρ, and set w +z = s. We obtain
and thereforef (ζ) is finite for almost all ζ ∈ G(n, k ).
Radon transforms of radial functions.
provided the corresponding integrals exist in the Lebesgue sense.
Proof. For k = 0, when τ is a point in R n , these formulas are known; see, e.g., [Ru3] . For k > 0, (2.4) yieldŝ
This gives (2.9). Furthermore, by (2.5), (2.6),φ
To transform this integral we pass to bi-spherical coordinates on S n−k−1 [VK, pp. 12, 22] . Namely, we set σ = a cosψ + b sin ψ,
This coincides with (2.10).
We observe that integrals (2.9) and (2.10) transform one into another (up to weights and constant multiples) if we replace r and s by their reciprocals. This means that the Radon transform can be regarded as a dual Radon transform and vice versa (at least on radial functions). We study this important phenomenon in full generality in Section 5.
Example 2.4. The following useful formulas can be obtained from (2.9), (2.10) by elementary calculations. For Re α > 0 and a > 0,
.
The last equality is especially important, and we present its proof (all the rest are left to the reader). Let
Then (2.10) yieldš
Combining (2.11)-(2.16) with the duality (2.7), we get the following equalities that give precise information about behavior off (ζ) andφ(τ ), in particular, about possible singularities.
Theorem 2.5. For Re α > 0 and a > 0, the following formulas hold:
It is assumed that either side of the corresponding equality exists in the Lebesgue sense.
Proof. By Hölder's inequality, the right-hand side of (2.22) does not exceed Aλ 6 ||f || p , where
then A < ∞, and the left-hand side of (2.22) is finite. It follows that the Radon transformf (ζ) is finite for almost all ζ ∈ G(n, k ). If
then the integral in (2.9) diverges, and thereforef (ζ) ≡ ∞. If f is continuous and
This is finite if λ > k − k. In the case λ ≤ k − k one can use the same counterexample as before.
Remark 2.7. The particular case k = 0 of Corollary 2.6, corresponding to the kplane Radon transform on R n , is due to Solmon [So1] . His proof is different and based on the estimate
We generalize this inequality, make it more precise, and give a simpler proof.
Proof. By (2.7), the left-hand side of (2.23) is
Owing to (2.10),
This integral is bounded on any finite interval 0 ≤ r ≤ A. If r is big enough, say, r > 2, we writeφ
and estimate each summand. After simple computations, we obtainφ(τ ) ≤ cρ(τ ), and (2.23) follows.
The case δ > 0, k = 0 in (2.23) gives Solmon's result. Modification of (2.23) for more general weight functions of the form |ζ| α (1 + |ζ|) β , and the similar estimates for the dual Radon transform, can be obtained by the same reasoning; cf. Lemma 2.6 from [Ru3] for k = 0. We leave this exercise to the interested reader.
Following Theorem 2.8, we restrict our consideration by locally integrable functions belonging to weighted L 1 spaces with a suitable weight at infinity. Owing to Theorem 2.5, this class of functions can be essentially extended by including functions with nonintegrable singularities at the "origin" {τ : τ ⊃ 0} and/or on the "spheres" {τ : |t| = a}, a > 0, but we shall not consider this generalization. We denote
In this notation Theorem 2.8 reads as follows.
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, ∀δ > 0. Remark 2.10. As in Corollary 2.6, one can readily see that the exponent λ = n − k is best possible. In other words, there exists f ∈ L 1 n−k +ε (G(n, k) ), ε > 0, such thatf (ζ) ≡ ∞. Furthermore, by Hölder's inequality, the space , k) ).
Correspondence between Radon transforms on affine
Grassmannians and compact Grassmannians 3.1. Basic relations. We shall regard the euclidean space
. Given a linear subspace V of R n+1 and a positive integer k < dim V , we denote by G k (V ) the Grassmann manifold of all k-dimensional linear subspaces of V . In particular, we have
. To each k-plane τ in R n we associate a (k+1)-dimensional linear subspace τ 0 in R n+1 containing the "lifted" plane τ +e n+1 . This leads to a map
is the geodesic distance (on S n ) between the north pole e n+1 and the k-dimensional totally geodesic submanifold
is not one-to-one, but it becomes such if we change the definition as follows:
has measure zero.
The map (3.3) extends to a one-to-one correspondence between functions on G(n, k) and G n+1,k+1 so that
where
Proof. Let us transform the integral I = G n+1,k+1 F (τ 0 ) dτ 0 . Owing to the formula (2.5) from [Ru2] ,
where g ω denotes a rotation in the plane (e k+1 , e n+1 ) so that
and SO(n) is the group of rotations in the coordinate hyperplane R n . By taking into account that
ω e k+1 = e k+1 sin ω + e n+1 cos ω, the inner integral in (3.7) can be written as
(replace γ by γλ, λ ∈ SO(n − k), and integrate in λ)
(3.8)
Here SO(n − k) is the group of rotations in R n−k = Re k+1 ⊕ . . . ⊕ Re n . We plug (3.8) in (3.7) and change the variable tan ω = s. This gives
(1 + |y| 2 ) (n+1)/2 ; e y = y + e n+1 |y + e n+1 | .
By (3.1) and (3.2), R
as was required.
Correspondence between Radon transforms.
Our next goal is to extend the correspondence (3.4) to Radon transforms and to dual Radon transforms. Let G n+1,k+1 and G n+1,k +1 be a pair of (ordinary) Grassmann manifolds, k > k. For a function F (τ 0 ) on G n+1,k+1 , we consider the Radon transform
that integrates F (τ 0 ) over the set G k+1 (ζ 0 ) of all (k + 1)-dimensional subspaces of ζ 0 against the canonical normalized measure on G k+1 (ζ 0 ). If g ζ0 is a rotation such that g ζ0 R k +1 = ζ 0 , then (3.10) reads
The dual Radon transform (R * Φ)(τ 0 ) of a function Φ(ζ 0 ) on G n+1,k +1 integrates Φ(ζ 0 ) over the set of all (k + 1)-dimensional subspaces ζ 0 containing the (k + 1)-dimensional subspace τ 0 , namely,
Precise meaning of this integral is as follows. We denote by g τ0 a rotation satisfying g τ0 R k+1 = τ 0 , and let K 0 be the subgroup of rotations in the coordinate plane of (R k+1 ) ⊥ . Then (3.12) reads
The duality between R and R * has the form (3.14)
see, e.g., Lemma 4.3 in [GR] . This equality holds provided that either integral exists in the Lebesgue sense. By setting Φ = 1 or F = 1 in (3.14), we get the following
Lemma 3.3. The Radon transform R and its dual R
The following theorem essentially generalizes the statement of Theorem 2.1 from [Ku] related to totally geodesic Radon transforms on R n and S n (in our notation this is the case k = 0).
) (and vice versa), and both sides of (3.18) are well defined.
Proof. We recall the notation for coordinate planes
, and θ = d(e n+1 , ζ 0 ) be the corresponding geodesic distance. Then tan θ = |v| = |ζ|. We choose a rotation g ∈ SO(n) so that gR k = η and ge k +1 = v/|v|. If 
If g θ is a rotation in the plane (e k +1 , e n+1 ) such that
then (3.19) can be written as
, and making use of the formula (2.5) from [Ru2] , we obtain
where c, g ω , and R k+1 have the same meaning as in (3.7) and SO(k ) is the group of rotations in the coordinate plane R k . Since
ω e k+1 = e k+1 sin ω + e n+1 cos ω, the inner integral in (3.22) can be written as
We plug this in (3.22) and change the variable tan ω = s. We then get
Owing to (3.21), h(τ 0 ) = F (gg θ τ 0 ), and therefore
(rotations γ ∈ SO(k ) and g θ in (e k +1 , e n+1 ) commute). By (3.20),
Combining these equalities, and setting y = z cos θ, we obtain
By (3.1) and (3.2),
Hence the correspondence (3.4) yields
Comparing (3.23) and (3.24) with (2.4), we conclude that
This coincides with (3.17). The equality (3.18) is a consequence of (3.17). Furthermore, by (3.5),
). Hence, by Corollary 2.9 and Lemma 3.3, both sides of (3.18) are well defined for f ∈ L 1 n−k (G(n, k) ). The proof is complete.
Correspondence between dual Radon transforms.
The following statement generalizes Theorem 3.2(1) from [BCK] corresponding to the case of points in R n .
We denote (3.26) and set ϕ(ζ) = Φ(µ(ζ)).
(
Proof. (i) It suffices to show that for any function
then (3.31) implies (3.28) for almost all τ . By (3.5), (3.33)
). Furthermore, (3.5), (3.25), and (2.18) yield
Thus (3.32) holds, and it remains to prove (3.31). By making use of duality (3.14) and (3.33), we obtain
, and make use of (3.17). We get
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Hence, by duality (2.7),
(ii) The relation ρ 6 Φ ∈ L 1 (G n+1,k +1 ) follows from (3.29) by (3.5):
(3.34)
Hence, the Radon transform in the right-hand side of (3.30) is well defined, and we can derive (3.30) from (3.28) by changing notation.
Inversion of the Radon transform and the dual Radon transform
4.1. Preliminaries. Owing to the correspondence (3.18) and (3.30), and the obvious equality
(see Lemma 4.3 below), inversion of the Radon transform and its dual on affine Grassmannians reduces to the similar problem on ordinary Grassmannians [GR] . We review some facts from [GR] and present them in our notation. Let P k+1 be the cone of positive definite, symmetric (k + 1) × (k + 1) matrices r = (r i,j ). The Siegel Gamma function associated to P k+1 is defined by
This integral converges for Re α > d − 1, and represents the product of the usual Γ-functions:
The Gårding-Gindikin fractional integral of a function f on P k+1 is defined by
where r 0 denotes integration over the set {s : s ∈ P k+1 , r − s ∈ P k+1 }. We define a differential operator (in the r-variable)
if f is good enough. Otherwise, differentiation in this equality is understood in the sense of distributions. 
where Cos . . . , y k+1 ], is a matrix whose columns form an orthonormal basis of τ 0 . Detailed explanations related to the integral (4.5) and the matrix-valued cosine function are given in [GR, Section 3] . The operator (4.5) is a matrix generalization of the averaging operator of Helgason (cf. formula (35) in [H2, p. 96] ) in his inversion procedure for the totally geodesic Radon transform on the sphere.
and denote
The operator R is injective if and only if
Under this condition, Φ(τ 0 ) can be recovered by the formula Φ = R −1 Ψ, where
I k+1 , is the identity (k + 1) × (k + 1) matrix, and differentiation is understood in the sense of distributions. In particular, for k − k = 2 , ∈ N,
If Φ is a continuous function on G n+1,k+1 , then the limits in (4.7) and (4.8) can be treated in the sup-norm.
This theorem was proved in [GR, Theorem 1.2] . The necessity of the injectivity condition k + k ≤ n − 1 was known before; see references in [GR] .
Inversion of the Radon transform. Let τ ∈ G(n, k). According to
and set τ 0 = µ(τ ), f(τ ) = F (τ 0 ); see (3.1), (3.4). By Theorem 3.4,
In particular, one can assume
see Remark 2.10. Theorem 4.1 implies the following result for Radon transforms on affine Grassmannians. , k) ), the Radon transform f (τ ) →f (ζ) is injective if and only if k +k ≤ n − 1. Under this condition, the function f (τ ) can be recovered by the formula
and the operator R −1 is defined by (4.7), (4.8 .7) and (4.8) can be understood in the sup-norm on any compact subset of G(n, k) .
The inversion formula (4.10) is obvious thanks to (4.9). Concerning the case of a continuous function
(see (3.3)). The "equator" E of G n+1,k+1 corresponds to |τ | = ∞ on G(n, k). Near it, (ρ 3 F )(τ 0 ) may have an integrable singularity. This explains why the last statement of Theorem 4.2 holds globally only if λ > k + 1, when (
4.3. Inversion of the dual Radon transform. We start with the following 
The following relations hold:
Furthermore, if K 0 is the subgroup of rotations in the coordinate plane (R k+1 ) ⊥ , then, by (3.13),
The proof of (4.14) and the second equality in (4.15) is similar.
The inversion procedure for the dual Radon transform is as follows. We suppose
satisfies (4.16). Indeed, in the first case, N ϕ is dominated by A ||ϕ|| p , where
In the second case,
By Theorem 3.5 and (4.15),
, and the Radon transform in (4.20) can be inverted by Theorem 4.1 adapted to the corresponding pair of Grassmannians. As a result we obtain the following (G(n, k ) ), the dual Radon transform ϕ(ζ) →φ(τ ) is injective if and only if k + k ≥ n − 1. Under this condition, the function ϕ(ζ) can be recovered by the formula
The operator R −1 is defined by the formulas (4.7) and (4.8) in which dimensions k +1 and k +1 are replaced by n−k and n−k , respectively. If ϕ(ζ) is a continuous function satisfying ϕ(ζ) = O(|ζ| λ ), λ < k + k + 1 − n, then the limit in the updated formulas (4.7) and (4.8) can be understood in the sup-norm on any compact subset of G(n, k ). If λ < k − n, this limit is uniform on the whole manifold G(n, k ).
For a continuous function ϕ(ζ) = O(|ζ| λ ), as in the previous theorem, we note that (G(n, k) ) and acting from G(n, k) to G(n, k ), and the dual Radon transform ϕ(ζ) →φ(τ ) defined on ϕ ∈ L 1 k+1 (G(n, k )) and acting from G(n, k ) to G(n, k), are injective simultaneously if and only if k + k = n − 1.
Quasi-orthogonal inversion transformation on affine Grassmannians
In Section 3 we established correspondence between (a) the Radon transform f and the dual Radon transformφ on affine Grassmannians, and (b) the similar transforms on ordinary Grassmannians. Since the latter are orthogonally connected by Lemma 4.3, it is natural to find a direct representation ofφ as a Radon transform of the " ∧ "-type. As we shall see, such a representation realizes by generalization of the classical map x → − x |x| 2 , x∈ R n \ {0}
(inversion with respect to the unit sphere combined with reflection).
Definition 5.1. Let τ ∈ G(n, k) be a k-plane in R n not passing through the origin and parameterized by τ = (ξ, u), ξ ∈ G n,k , u ∈ ξ ⊥ , u = 0. Let lin τ ∈ G n,k+1 be the linear hull of τ (the smallest linear subspace containing τ ), and let (lin τ ) ⊥ ∈ G n,n−k−1 be the orthogonal complement of lin τ . We consider the (n − k − 1)-dimensional plane t = (ι, w) defined by The following lemma motivates our definition.
Lemma 5.3. Let
If ν is a quasi-orthogonal inversion transformation from G(n, k) to G(n, n − k − 1), then the following diagram is commutative:
In particular, (5.5) ν −1 (t) = µ −1 (µ(t) ⊥ ).
Proof. For τ = (ξ, u), let u = rω, r > 0, ω = u/|u| ∈ S n−1 ∩ ξ ⊥ . Then This gives t = µ −1 (t 0 ) = (ι, w), where
We introduce the following new notion.
Definition 5.4. Let R : f (τ ) →f (ζ) be the Radon transform, acting from G(n, k) to G(n, k ), k > k. The Radon transform R : f(t) →f(z), acting from G(n, n − k − 1) to G(n, n − k − 1), will be called quasi-orthogonal to R. 
